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With the formalism of the path-integral into molecular-orbital theory, we introduce the qua-
tum fluctuation into the molecular ground state. As a consequence, a non-linear formulation
of the molecular orbitals is obtained. Then, we connect the non-linear term of the effective
Hamiltonian with the solvent effects of the environment surrounding the molecular system,
and explain this mechanism.

1. Introduction

When we inmerse a molecular system in a solvent, we are adding Coulombic
fields to the system, deforming its electronic structure of the ground state. These
fields produce local deformation, which, in turn, manifests an energy and electro-
nic charge shift resulting from ground-state fluctuations. Years ago Yomosa et al.
[1] and Tapia et al. [2] showed some theoretical evidence justifying the preceding
statement in the molecular-orbital theory. The field acting on the system is charac-
terized as a self-dependent reaction field. Here, the term self-dependent means
that the field acting upon the system depends on its electronic structure and geome-
try. Therefore, the general equation of the state of the molecular system in the
self-dependent field can be given by a non-linear Schrodinger equation [1].

Furthermore, a quantum mechanical reaction field theory of the solvent effect
has been proposed. As a limit case it contains Onsager’s model. It also leads to an
effective non-linear Hamiltonian for the molecule in solution, and hence a tool for
studying changes of the electronic charge distribution in molecular properties.
The approximate solution of the non-linear equation within the molecular-orbital
framework is presented; correlation defaults to the Hartree-Fock-like solutions are
stated [2].

More recently Tapia [3] has proposed a generalized reaction field theory of sur-
rounding medium effects on the electronic wave function of the solute or the subsys-
tem immersed therein. He explains that the reaction field is given in a compact

©]J.C. Baltzer AG, Science Publishers



20 J. Marafién / Pathintegral’s formulation of solvent effects

functional form factorized into a solute charge density and a reaction field suscept-
ibility. It is important to note that the later depends on the geometry and static
polarizability distribution of the surrounding medium.

The aim of this paper is to propose a link between the non-linear formulation
by the path integral method [4] and the solvent effect. Further, we provide an expla-
nation of the surrounding medium induced ground state quantum field fluctuation
which produces an energy and electronic shift of the solute and emphasizes its
non-linear character.

2. Mathematical outline

In this section we present, in the context of the molecular-orbital theory, a collec-
tion of formulae that we have already derived in previous publications in order to
introduce quantum fluctuations in the ground state of the electronic molecular sys-
tem [5], and a brief version of the theory in the non-linear case [4]. Its basic aspects
are outlined here.

Let us consider that the time-independent N-electron molecular Hamiltonian
H can be written as

H = ZH +ZV(rmrg (1)

a<f

where H, is the Hamiltonian of the ath electron in the field of the atomic nucleus
and V' (rq, ra) is the electron—electron repulsion.

The multielectronic wave function ¥ is approximated by a Slater determinant
D of the molecular orbitals y,

v=D= Z P 1/2“[/11!//21 -'7V/N|7 (2)
{r}

where 6p = (—1)¥ (Pis the permutation operator).
The matrix elements of the evolution operator of the molecular system between
the initial state [D,, ) and the final state {D,,| can be written as

Z(N) - <thle—iH(lr~li)|Dt;>s (3)

where t;, tr are the initial and final times, respectively.

One may represent the molecular orbital on a space-time lattice which is gen-
erated by breaking the time interval into M time slices of time duration
T = (tf — t;)/ M. We first factorize the evolution operator into M terms of the form
e~ "H Hence, eq. (3) reads
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M >
Z(N) = [[<Du|Du YDy, le™|Dy, > - ..
I

. <D‘M-:Ie_iTHlD1M—1—| > s <D’llD¢i . (4)

Then, with the above result we arrive, after little algebra, at the following final
form of Z(N) [4]:

M N
Z(N) = H{H / Ay, (t) dwp(t) <Dy | Dy, {Dy,|Dy>
A

J

8] [ valowsts) do-tus] |

x exp{—w {i%{/dﬂ) vo(t)Hpy o (1)

i of

- [av [ @t @iV o) (vl - ‘”ﬂ(")‘”a(*)}}} } |
(5)

where 8, the Dirac function of eq. (5), has the following Fourier integral represen-
tation:

8| [ vitowsts) o= 8|

= m / deas exp{ifa,ﬂ [ / valt)y(t) dv— 5a,ﬁ} } ~ (6)

We are now able to introduce the quantum fluctuations into molecular-orbital
theory using the Gaussian approximation on the é-Dirac Fourier integrals equa-
tion (6) introduced by Wilson in an Ising model on the lattice [4],

8| [ vatowsts) do - tg] 2 [ dees exp{i o{ [ it dv}z

+g[ wo(t)ws(ty) dv+ .. ] } ) (7)

where A = 1/[(2711’)1/2]NZ, b/2 = —2¢4p0a3, b=—4U', and U’ is a positive
quantity.
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Taking into account the Gaussian approximation (7) in (5), the propagator
Z(N) becomes

M N
z(vn = A]] { 11 [ avi6) dvsls) 041D <0y, [ deas
J o,

x exp{—iTHert [/, Vg, 6]}} ) (8)

where the effective Hamiltonian Hege[y*, w, €] can be cast as

N-1 M 2
Hely', v, d = Hly", y] + > _ U{Z/dv '//Z(tj)!//ﬁ(tj)}
a,f J

M
+-’§z [avitswsm)+ ... ©)

the constant U = U’/r and the functional H[y*, y] is given by the expression

Hly', ) = f{i{ [avvititiavats) - [av [ av viwwis)

Li \af
X V(rasra) (Walt)W5(2) — w;;(z,)wa(z;)}} . (10)

Therefore, we now consider the effective Hamiltonian in a short time slice.
Therewith, according to Wilson’s algebraic derivation [4] we add and substract
appropriate terms in each of the j and j + 1 sites in order to arrive at the effective
Hamiltonian Hef in a site representation. So that, Ay, ()| =<y, (ti41)| =W (4)]
is the increment of {y(#;)| in the j-site,

b (Ha)j i1 _

(R(a))j = E(Ha)j,ﬁl - m 1,

1
(Ha)j i1

Denoting the lattice spacing as a in the space R? (d = dimension of the real space
R) in the continuum limit (¢ = 0, M = o00), we can switch to the lattice using the
correspondence formulae:

(U(a))j,ﬂl == and (B(ayﬂ))j,j+l = (V(rmrﬁ))j,j+l'

j=r,

Z:a'dd,
J
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Iwa> Oy,
or

ZAIV/Q tj ><!//a(j)l = al

Besides, we have changed the scale of the wave product |y, Y{w,|=>a*~4|w >{w,|.
Thus, making use of the Coulomb and exchange integrals J; and K3, namely,

Jp= /dr" Vo Bo(a, B)Y, (11)
where
Bo(c, B) = a**B(a, B) (13)

the effective Hamiltonian equation (9) in the continuum takes on its desired form:

N [ OlWa) 0W,l 2
Heyilv*, v, € =/dr" {;(- 5 "o _ole )lwa><wal)

N
+ S {elvadtacwel-vaRawall+ P42 (wascul?
a<f

(14)

where
1"-%2(-&) = 2R(a)a™? (15)

and

U‘if'a) = 42a°*U(a). (16)

We notice that the corresponding effective potential Veg reads

Veff[vl*a V/,G] = = Z 0( ) |V/a><wal + Z { 2‘Wa>Jﬂ<Wal lWa>Kﬁ<WaH

@ a<f

Uo( )

+ 258 (sl (17)
and it has one or two minima depending on the sign of the coefficients Up(cx). So,
when the Uy(a) vanishes for all particles, expression (14) reduces to the classical
effective Hamiltonian of the linear problem [5].

With reference to the Z(N) propagator, eq. (5) in the continuum [4] reads

z(v) = [ D 1Dlw) IN; [ deas exp(—i / "t Haly, w,el) , (18)
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where the path integral measure D[y*]D|y] is given as

M N
D[y*]Dly] = lim AH{H / Ay’ () d (1) <D,fID,,,><D,,.|D,i>}.
Jj a.f

M -+ oo;r—+0
(19)

3. Solvents effect

The non-linear Schrodinger equations arising from the Hamiltonian equation
(14) can be used to describe quantum-mechanical systems that interact with their
surroundings. Through its wave function, the molecular system interacts with its
environment by inducing a net field which then acts back on the system itself.

Thus, the seif-consistent reaction field theory of solvent effects is used as an ade-
quate framework to calculate an effective electronic wave function and the electro-
nic energy of a molecule immersed in an environment, where homogeneous and
heterogeneous reaction fields in the modelled, surrounding medium effects are
involved [6].

We are now ready to link the above-developed formalism of the path integral
with the solvent effects. Thus, if we split the effective Hamiltonian equation (14),
after a partial integration, into the Hartree-Fock part

2
HH FV’ V/: /dr { —IWQ [{g +m0 Z(z‘]ﬁ Kﬂ):] <Vla|}

(20)
plus the interaction part
Up(c
Hily.,y,d =)~ Xy’
To(@) porr
—Z 0( VY, vl (21)

then, the propagator Z(N) equation (18), by using the egs. (20) and (21) in expres-
sion (14), may be rewritten as

-/ 'D[w*w[mg [ deas

I
9 exp(—i [ at ety v d + Hily, v/,ell)
15

= ZH—F[W*y v, E]ZI [W*» v, 6] . (22)
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We can observe that the potential ¥[y*, y] of the Hamiltonian interaction part
ineq. (21) is a function of the y* and . This result is in agreement with Sanhueza et
al. [7], where they show that it would be well represented by a power series of the
first order density. The potential function appears by applying quantum fluctua-
tions to the molecular system, which is produced by surrounding a molecule by a
dielectric environment as in the SCRF theories of solvent effects [1,2]. Thus, the
parameter Up(c)/4! could describe the solute-solvent interaction, which depends
upon the mean dielectric constant of the environment.

Therefore, the potential interaction could be expressed as V[y*, wl<y,[nT|w,>
-g - {w,InT|w,>, where g is a coupling tensor, p is the total dipolar moment opera-
tor and the superscript T designates the transpose of a matrix.

Then, in the case of the real space, the space dimension d = 3, Z;[y*, v, €] can
be expressed similar to Onsager’s reaction fields approach [2] by

Zly' vid = [ Dl ]fg / dea,aexp(—i / 'rdz;?—ifjﬂrf[w;wa])
-/ @[w*mmfl [ deas

e U
xeXP(—i/ d‘Z oo )<walu lwa>-g-<walu'rlwa>)-

(23)

From the above results, we can obtain the Roothaan equation with the solvent
effects involved. In the semiempirical approximations (CNDO/2) (see Villar et al.
[8]) we can realize calculations of the molecular electronic structure with solvent
effects using the dielectric constant as imput data.

The above calculations are only approximate, there are other ways of evaluating
the path integral Z;[y*, v, ¢|: the Monte Carlo algorithm [9] and perturbedly like
an w-expressium technique in critical phenomena [10].

Our procedure would be an alternative treatment of the influence of the solvent
in the chemical bond by the Monte Carlo path integral formalism [11], but then
using it in the molecular orbital theory framework. This means that we use like
coordinates the coefficients of the atomic orbitals representations. In relation to
this, but in physical space, we also mention the considerable effort made on new
methods of Monte Carlo path integral calculations [12,13].
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